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A USE OF LIGHTHILL'S GENERALIZED FUNCTIONS I N  THE 
SOLUTION OF OPTIMAL CONTROL PROBLEW 

Ernest S. Armstrong 

The usual def in i t ion  of the  Dirac " b -  function" as a funct ion which 

vanishes everywhere except a t  a single poin t  but whose i n t e g r a l  over the 

e n t i r e  r e a l  l i n e  i s  unity i s  not a rigorous mathematical def in i t ion .  No 

mathematical function can have these properties.  

There are, however, severa l  methods of r igorously using such symbolic 

expressions. 

a l l  continuous functions, a l l  Lebesque integrable  functions,  and new 

I n  each the concept of a funct ion i s  generalized t o  include 

objects a simple example of which i s  the " b -  function" . A s  a r e s u l t  of 

t h i s  genera l i ty  the theory is  referred t o  as the theory of generalized 

functions . 
Probably the most mathematically sophis t icated approach, requiring a 

knowledge of measure theory and Lebesque integrat ion,  i s  due t o  L. Schwartz. 

An introduct ion t o  S&WE&Z!S French work (reference 1) has been prepared i n  

English by I. Halperin (reference 2 ) .  

mulation, presented i n  a t e x t  by M. T .  L i g h t h i l l  (reference 3 )  and 

o r i g i n a l l y  due t o  G. Temple (reference 4 ) ,  requiring only a knowledge of 

ordinary calculus.  

i s  presented i n  Appendix A, is t o  construct generalized functions i n  

terms of sequences of continuous functions. 

Fortunately, there  i s  another for-  

Lighth i l l ' s  approach, a b r i e f  introduction t o  which 

For example, a representation 
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2 
(not unique) for  the Dirac " b -  function" is  the sequence {e-nt (n/n)+}. 

I n  the l i m i t  as n + a Jrn e-nt2(n/n)* d t  -+ 1 and eWnt2(n/n)* takes on 
-03 

the propert ies  of the " b -  function" . I n  L igh th i l l ' s  t e x t  it is  

e s sen t i a l ly  established t h a t  s e t s  of equivalent sequences (see Appendix A )  

form an additive abelian group over which d i f f e ren t i a t ion  i s  defined. It 

was found t h a t  t h i s  theory could be applied t o  a c l a s s  of optimal cont ro l  

problems. Appendix A contains the basic  de f in i t i ons  and proper t ies  of 

L igh th i l l ' s  formulation which a re  needed t o  present  the appl icat ion.  

The general r e s u l t  of applying an optimal cont ro l  theory, such as 

Pontryagin's maximum pr inciple  (reference 5), t o  a control lable  dynamic 

system i s  a two-point boundary value problem. 

boundary value problems take the form. 

A large c lass  of these 

I .  Given the dynamic equation (wr i t ten  i n  s c a l a r  form f o r  
s impl ic i ty  ) 

determine the parameter cc such t h a t  a t  tl, e ( t 1 )  = 0. 

The variable x i s  a s t a t e  o r  conjugate var iable  of the cont ro l  theory, 

p i s  a continuous switching funct ion,  and p i s  a funct ion of x ( t l ) ,  

a ,  and t l  representing a terminal condition. The funct ion f is 

continuous i n  x, sgn p ( s e e  Appendix A f o r  d e f i n i t i o n ) ,  and u, and 

piecewise continuous i n  t with points  of d i scont inui ty  occurring a t  the  

zeros o f  the  continuous funct ion p e The usual approach for 

1 
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t he  so lu t ion  of such problems is  t o  devise an algorithm'whereby an 

assumed value of u can be corrected so as t o  dr ive  e ( t l )  t o  aero. 

This requi res  the evaluation of the expression dx (tl) 

influence of a on x( t1) .  I t  is the purpose of this discussion t o  

descr ibing the  
da 

ind ica te  how L igh th i l l ' s  generalized funct ion theory can be used t o  
obtain an equation f o r  - dx ( t ) ,  te  [to, tl] . 

da 
I n  the sense of ordinary functions we can write 

Let t* be a zero of p ( x ( t ) ,  a, t) and S(t*) be the s e t  of zeros of 

0 then aa a generalized funct ion 
d t  t=t* 

by ,Z Q(t*) b ( t  - t*) where 
S ( t * )  

b ( t  - t*) = the Dirac " b -  

and 1 

function" of t - t* 
represents  the sum over a l l  t* of  p(x(t), a, t) i n  [to, tl] . 

s(t*) 



Let P ( t )  be the generalized function corresponding t o  the  ordinary 

function -- af dx + - af . A s  generalized functions we can wri te  

by property 3 of Appendix A .  
6x da i3u 

Applying f i rs t  property 1 and then 2 of Appendix A the (ordinary funct ion)  

equation r e su l t s .  
% 

f o r  a l l  "good" functions F ( t ) .  

(see Appendix) 

This i n  turn  leads,  by the i n t e g r a l  form of the fundament lemma of the  

calculus of variations (reference 6) ,  t o  the  i n t e g r a l  equation 

ar 
uf dx + x ) d 3 .  By solving t h i s  equation i n  conjunction 

with the equation, ( t l)  r e s u l t s .  
du 
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By way of appl ica t ion  of generalized functions i n  a computational 

algorithm, the following problem was solved: 

Find the optimal t h r u s t  magnitude and d i r ec t ion  of 
a space vehicle, launched frm the  sur face  of the 
moon, such that it w i l l  rendezvous with a minimum 
of f u e l  expenditure with a t a rge t  vehicle i n  a 
c i r c u l a r  o rb i t  about the  moon. The moon i s  assumed 
t o  have an inverse square law gravi ta t iona l  f i e l d .  
Rendezvous is  in te rpre ted  t o  be the nul l ing  of the 
r e l a t i v e  pos i t ion  and veloci ty  of the two vehicles.  

Pontryagin's maximum pr inc ip le  (reference 5 )  was applied t o  t he  

three  dimensional equations describing the relative motion of the  two 

spacecraf t  yielding an optimal cont ro l  l a w  and a (vector)  two p o i n t  

boundary problem of the form I. 

the evaluat ion of &(ti) 

An algorithm was formulated requi r ing  

(now a matrix) which was cconputed by an 
du 

i n t e g r a l  equation of the form 11. The equations were programed and 

solved on an IBM 7094 d i g i t a l  computer. The algorithm w a s  shown t o  work 

qu i t e  well y ie ld ing  both planar and non-planar minimum f u e l  rendezvous 

t r a j e c t o r i e s  i n  about 7 minutes of computer time. 

Space does not  permit a complete discussion of the algorithm and 

optimization r e su l t s .  I t  is  intended that t h i s  discussion w i l l  serve 

t o  make the  reader aware of a pa r t i cu la r  use of Ligh th i l l ' s  theory of 

generalized functions i n  analysis  and of a s p e c i f i c  appl ica t ion  r e su l t i ng  

from the use of optimal cont ro l  theory. 

theory and appl ica t ion  a re  found i n  reference 7. 

More complete d e t a i l s  af both the 
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APPENDIX A 

WERALIZED FUNCTIONS 

Certain def in i t ions  and properties of generalized functions as 

presented i n  reference 3 a r e  contained i n  t h i s  sect ion f o r  reference 

i n  the  main t e x t  and t o  give the reader a general  idea of the  con- 

cepts involved. 

Defini t ion 1 - A m u m - ,  F ( t ) ,  is  one which is 
everywhere d i f fe ren t iab le  any number of 
times such t h a t  it and all i t s  der ivat ives  
approach zero as its argument approaches - +=. 

Definit ion 2 - A sequence h n ( t )  of good functions is 
ca l led  r e a  i f ,  f o r  any good funct ion 
F ( t ) ,  . t h e  l i m i t  

lim h n ( t )  F ( t )  e x i s t s .  
-a 

Defini t ion 3 - A pene rq&& function, h ( t ) ,  i s  defined 
as a regular  sequence h n ( t )  g o d  
functions, i .e .  h ( t ) -  [hn(tf . 
Thus each generalized funct ion is  r e a l l y  
the c lass  of a l l  regular  sequences equivalent, 
i n  the sense t h a t  the l i m i t  i n  Defini t ion 2 
is the same for  each sequence, t o  a given 
regular  sequence. 

By the symbol p" h ( t )  F ( t )  d t  one m e a n s  a 
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Defini t ion 4 - Two generalized funct ions,  h ( t )  and 
g ( t )  , a r e  equal  if and only i f  

for a l l  good funct ions F ( t ) .  

Defini t ion 5 - The der iva t ive  h '  (t) is defined by the  
sequence h'n ( t) ,  i.e. h' ( t ) -  [hn' (t)] 

Property 2 If the ordinary func t ion  f ( t )  is  such $hat .  

p" ( t2+1)'" f ( t )  d t  e x i s t s  ( f o r  stme natural 

number N) then a generalized funct ion h ( t )  

e x i s t s  such t h a t  f o r  a l l  

a 

F ( t )  

P" h ( t )  F ( t )  d t  = SO5 f ( t )  F ( t )  d t .  
-03 -03 

The i n t e g r a l  on the  r i g h t  is  the  i n t e g r a l  i n  the ordinary 

sense. When the generalized func t ion  h ( t )  has been 

def ined,  t h i s  i n t e g r a l  has a meaning a l s o  i n  the  theory 

of generalized funct ions and the  above equation s t a t e s  t h a t  

these t w o  meanings a r e  the  same. 

1 , t > O  

-1 , t < O  

If s g n ( t )  = Signum funct ion  

H ( t )  = 3/2 (1 + sgn t )  Heaviside func t ion  
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y t f o  
* .  b ( t )  = a t  t=O,  b ( t )  i s  infinite i n  such 1 way that . 

Dirac "b - f unc ti on" 

then d sgn t = 2 a = 2 b ( t )  - 
d t  d t  

Defini t ion 6 - If h a ( t )  is a generalized funct ion of t 

f o r  each value of a parameter a then 


